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FUNCTIONS OF ¢-BOUNDED VARIATION
AND RIEMANN-STIELTJES INTEGRATION!

BY
MICHAEL SCHRAMM

ABSTRACT. A notion of generalized bounded variation is introduced which
simultaneously generalizes many of those previously examined. It is shown
that the class of functions arising from this definition is a Banach space with
a suitable norm. Appropriate variation functions are defined and examined,
and an analogue of Helly’s theorem is estabished. The significance of this
class to convergence of Fourier series is briefly discussed. A result concerning
Riemann-Stieltjes integrals of functions of this class is proved.

CHAPTER 1

We consider real valued functions whose domains are a closed, bounded interval,
say [a, b], to be made precise only if necessary. In the first section of this chapter we
define a new notion of generalized bounded variation and the appropriate interval
and point variation functions. We note some properties of functions which fall
in this class, and observe how this new class is related to those already known.
In §2 we examine the variation functions further, and investigate aspects of the
linear structure of this class, showing that it is a Banach space and obtaining an
analogue of Helly’s theorem. In §3 we extend a theorem of Waterman concerning
the convergence of Fourier series.

1. ®-bounded variation. Given a function f and an interval I = [z,y], we
write f(I) for f(y) — f(z). Any collection {I,} of intervals mentioned shall be
nonoverlapping subintervals of the domain of the function.

Let ® = {¢,} be a sequence of increasing convex functions, defined on the
nonnegative real numbers and such that ¢,,(0) = 0 and ¢, (z) > 0 for z > 0 and
n=1,2,.... We shall say that ® is a ®*-sequence if ¢, 1(x) < ¢,(z) for all n and
z, and a ®-sequence if in addition ), ¢,(z) diverges for z > 0. If ® is either a
®*-sequence or a ®-sequence, we say that a function f is of ®-bounded variation if
the ®-sums ), ¢n(|f(In)]) < oo for any appropriate collection {I,}. We denote
by ®BV the collection of all functions f such that cf is of ®-bounded variation
for some ¢ > 0. In the present chapter all sequences used in this context will be
assumed to be ®-sequences.

We begin with a lemma:

LEMMA 1.1. If the supremum of the ®-sums for a function f is infinite, there
15 a point T € [a,b] such that the supremum of these sums remains infinite when
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the subintervals considered are constrained to be any interval open relative to [a, b]
and containing .

PROOF. Let {I,} be any collection of subintervals. Let {nx} be the set of
integers with ny < ngyy and I,, C [a,(a + b)/2] for all k, and let {my} be the
set of integers with my < myyy and I,,, C [(a + b)/2,b] for all k. Let n, be that
integer. if any. such that (a +b)/2 is an interior point of I,,_. Note that my,nx > k
for all k. Let B =sup f — inf f. Then

S 0u1 7)) = 3 () + 3 b (1 (L)1) + o
n k k

f(T))
< k(T )) + Y k(I (Tm, )) + 61(B).
k k

The above inequality implies that if the ®-sums of f are unbounded when the subin-
tervals are chosen from all of [a, b], then one half of the interval has the property
that the ®-sums relative to it are unbounded. The last statement is valid for any
interval over which the ®-sums are unbounded. Thus we may repeat the argument,
obtaining a nested sequence of intervals whose lengths approach zero, each of which
has this property. The intersection of these intervals is then a single point having
the desired property. O

THEOREM 1.2. The follouing are equivalent:

(1) f is of ®-bounded variation:

(i) there is an M < oo such that, for every {I,},>_, én(|f(In)]) < M;
(iil) there is an M < oo such that, for every finite collection {I,},

S 6nllf (L)) < M.

PROOF. Clearly (ii) and (iii) are equivalent, and (ii) implies (i). We shall show
that (i) implies (ii). Suppose that (ii) does not hold, and let x be the point obtained
by Lemma 1.1. Set B = sup f —inf f and J; = [a,b], and let {I1}* | be a collection
of subintervals of .J; such that ZQ’;I dn(Jf(I1)]) > 1+2¢1(B). Upon deleting from
this collection the interval(s) which contain z and renumbering the remaining inter-

vals if necessary, we obtain a collection {I} ,1:/;1 (where N} = Ny, N1—1,0r N;—2)
such that Z:;l én(]f(IL)]) > 1. Let J2 be an interval, open relative to J; and con-
taining z. such that Jo NJN' 11 = 0. Let {I2}"2, be a collection of subintervals of
Ja such that No > N +2 and ZgiNl‘+l dn(|f(I2)]) > 1+2¢1(B). Proceed as be-

fore to obtain zgi’\’f“ on(1f(I2)]) > 1, and 32_, Z,’;E_Nl:‘lﬂ o (IfUIEY) > 2,

where N§ = 0. Continuing in this manner we obtain, for m = 1,2,... and
k=1...., m. collections of intervals {I¥ ;Cn;};{‘:l:N;71+l’ such that
m Ny
k
YooY sallfUN) >m.
k=Iln=N’ +1

k-1

Taking {I,} to be a renumbering in the obvious order of the union of these collec-
tions. we have Y27 | ¢, (|f(1n)]) = 00. O
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In view of Theorem 1.2 we may define, for f of ®-bounded variation, the total
®-variation of f: Vo(f) = Va(f;a,b) = sup)_, én(|f(Ir)]), the supremum being
taken over all {I,}, I, C [a,b]. We also define the ®-variation function of f, for
z € [a,b): ve(f;z) =ve(z) =Va(f: a,z).

If @ is a ®-sequence, it is clear that a function of ®-bounded variation is bounded
and can have only simple discontinuities (hence only countably many of them). It
is also easy to see that ®BV is a linear set.

Various spaces of functions of generalized bounded variation which have been
considered can be obtained by making special choices of the functions ¢,, n =
1,2,.... If we take ¢y, (z) = z for all n, then ®BV=BV.If A = {\,,} is a A-sequence
in the sense of Waterman [5], and we take ¢,(z) = z/\,, we have PBV=ABV. If o
is an N-function in the sense of Young [7] and we let ¢, (z) = ¢(z) for all n, then
®BV=¢BV. If ¢ is an N-function and A is a A-sequence and we let ¢, (z) = ¢(z)/An,
we obtain the space $ABV, examined in [2 and 3].

2. The space ®BV. We have said that f € ®BV if Vg(cf) < oo for some
¢ > 0. Let us consider the expression Vg(cf) as a function of the variable ¢. If
¢ is an increasing convex function, ¢(0) = 0, z > 0, and 0 < a < 1, we have
¢(az) < ag(z). Let ¢; > 0 be such that Vg(c1f) < oo and let 0 < ¢ < ¢;. Then
Vao(cf) < (¢/c1)Va(c1f) — 0 as ¢ — 0, in view of the previous comment. With
this in mind, we define a norm as follows: Let ®BVy = {f € ®BV: f(a) = 0}. For
f € ®BVy, let ||f|| = inf{k > 0: Va(f/k) < 1}.

LEMMA 2.1. (i) Va(f/IfIl) < I;
(i)  IIfl] < 1, then Va(f) < [ fII.

PROOF. (i) Take k > | f||; then for any finite collection {I,,},
S oI/ < Valf/R) < 1

Thus
E¢n (@I =, L ”f“ Z¢n |f(In)l/k) <

which implies (i )
(ii) For any {I,}, since ||f|| <1,

Y ballf (L)) < ||f||Z¢n I/ < AT

by (i). O
THEOREM 2.2. |- || s a norm on ®BVj,.

PROOF. (i) Since ¢, is increasing for each n, Vo(f/k1) < Vo(f/k) if k1 > k.
Thus, by part (i) of Lemma 2.1, {k > 0: Vo (f/k) < 1} = [||f]|,0).

Clearly ||0]| = 0. If f £ 0, let z € [a, ] be such that f(z) # 0. Then Vo (f/k) >
#1(|f(z)|/k) — oo as k — 0. Thus there is a k > 0 so that Va(f/k) > 1, and so
I£1l # 0;

(ii)

llefll = inf{k > 0: Vo(cf/k) < 1}
= inf{k > 0: Vo (lc|f/k) < 1} = lc| |l f];
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(i)
Y oI+ IS+ Ngl)) < DU+ llghbn (1S (T)I/IAI)

+ (lgll /11 + Nlglenlg(Tn)1/ligll) < 1
thus [[f + gl < I/l + llgll. O
THEOREM 2.3. (®BVy,| - ||) ¢s a Banach space.

PROOF. Let f and g be functions in ®BVq such that ||f — g|| < e. Then
I(f —g)/ell < 1. so. by Lemma 2.1, Vo((f — g)/¢) < L. Now for z € [a, b],

o1(1f(x) = g(x)l/e) < Val((f —g)/e) < 1.

This implies that if {f,} is a Cauchy sequence in this norm it is also a Cauchy
sequence in the supremum norm. Thus there is a function f such that f, — f
uniformly. Let € > 0 be given, {I } be a finite collection, and suppose || fr.— fm]| < €,
then

Zd’k fn_ ]k |/6 hm Z¢k fm Ik)'/s)

Thus Vo ((fn — f)/e) <1, f € ®BVy, and f,, — f in norm. O

By Lemma 2.1, if ||f, — f|| < € < 1, then Vo(f, — f) < € so that f, — f in
variation as well as in norm. Also note that convergence in norm implies uniform
convergence, so that ®BVy N C is also a Banach space with this norm. Finally,
®BV may be made a Banach space with norm |f(a)| + ||f — f(a)]|-

We now examine the relationships between the continuity properties of the func-
tion ve(f:x) and those of f. The surprising complexity of these arguments illus-
trates some of the difficulties of the subject.

THEOREM 2.4. Let [ be of ®-bounded variation on [a,b]. Then:

(i) of f us right continuous at a, Vo(f;a,2) > 0 asz | q;

(i) of f 1s left continuous at b, Vo(f;z,b) = 0 as z T b;

(iii) of [x.y] C (a,b), Vo(f;z,y) — 0 as z and y together approach a or b.

PROOF. It is clear that (i) and (ii) imply (iii), for if we set g(z) = f(z) for
€ (a.b), g(a) = f(a+) and g(b) = f(b—), then g is right continuous at a and left
continuous at b, so that

0<Vo(f;z,y) =Valgiz,y) < Val(g;a,y) = 0

as y | a, and similarly for = 1 b.
We show (i). Let In, n = 1,..., Ny, be a collection of intervals such that
(L) | Iy C [ab], f 790f0r eachnand

Ny
S on111a)) > gVolfia.b)

Since f is right continuous at a and each ¢, is continuous, we may assume that
I, C (a,b) for each n. Choose y; € (a,(a + b)/2) such that [a,yi] nNUM I, =0
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and I C (a,yi] implies |f(I)| < |f(In,)|- There is a collection of intervals I,, n =
Ny +1,...,Nq, with |f(I,)| |, In C (a,y1], f(In) # O for each n, and

N2
Y- bam (£ > JVolFiaun).

Ni+1
Continuing in this manner we obtain, for k = 1,2,..., points y, and intervals
InN,41,---,IN,,, contained in [yk41,yk], such that yx | a, |f(I5)| |, and
Nk 1
> dn-n (I (Ia)) > 5Va(fia,uk).
Nie+1

Since f is of ®-bounded variation, Y ;" ¢n(]f(I+)|) < co. Thus, given € > 0, there
is an N so that

S allf(T))) < e/2.

N+1
Since [f(In)] | 0, N4 1 @n(|f(In4;)]) < €/2 for any j > 0. Further, there is a Je
such that 211\1 On(|f(Ins5)]) < €/2 for 7 > Je. Taking j = Ni, we have

%Vq,(f; a, yk) < Z¢n(|f(1n+Nk)|) <e
1

for k sufficiently large. Hence Vs (f;a,yx) — 0 as k — oo, and so Vo(f;a,y) — 0
as y | a, since Vg (f;a,y) is a monotone function of y. O

In the next lemma we use the following notation: For a given ®-sequence ®, and
6 >0, let

k(M,6) = min {n: i(f)j(éﬂ) > M};
1

B(k,6) = min{1 — (¢;(6/2)/9;(6)): 1 <j < k}.
Note that My > M implies k(M1,6) > k(M,8), k1 > k implies B(k1,8) < B(k,6),
and ((k,6) > 0 for any k and 6.

LEMMA 2.5. If f s of ®-bounded variation and [z,y] C [a,b] is such that
[f([z,y])| > 6 >0, then

v (y) — vo(z) > Bodk, (6),
where ko = k(ve(z),68) and Bo = B(ko,$).

PROOF. Given n > 0, there exist I,, n = 1,...,N, I, C [a,z], such that
|f(In)] | and ve(2) < T°F n(lf(In)]) + 1. Let

m =min({n: |f(I,)| < §/2} U{N +1}).

We show
(%) V8 (Y) — vo(2) > ¢m(8) — dm(6/2) — .

Let an = |f(In)|and T = Zf’ ¢n(arn). We construct a second sum, S, and compute
S — T as follows.
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(1)Ifa, >6/2forn=1,...,k and ak4+; < 6/2,set S = d1(a1) +- -+ dx(ar) +
Gr+1(0) + drs2(ars1) + -+ dnt1(an). Then S =T > @i y1(6) — di+1(6/2);

(2)ifa, >é6/2forn=1,...,N,set S=T + dn;1(6/2);

(3)ifan, <6/2forn=1,...,N,set S = ¢1(6) +¢2(a1)+ -+ dn+1(an). Then
S =T > ¢1(6) — ¢1(6/2).

The sum S serves as a lower approximation to ve(y), this construction assuring
that the quantity f([z,y]) enters the approximation in an effective manner. In any
case, V¢(y) — ve(z) > S — T —n. Thus,

Pk+1(6) — dk+1(6/2)  if aky1 < 6/2 < ax,
vo(y) —ve(z) > { dn11(6) — dn11(6/2) if an, > 6/2 for all n,
$1(8) — 61(6/2) if a, < 6/2 for all n

which is (*), implying
ve(y) — ve(z) > (1 = (¢m(6/2)/dm(8)))dm(6) — .
Now if m = 1, obviously kg >m. f m= N + 1,

N N
vo(z) > > dnlan) > Y 6n(6/2),
1 1

sothat kg > N+ 1. Ifl<m< N +1,

m—1 m—1

vo(z) 2 ) dnlan) > D 6al(6/2),
1

8o that kg > m + 1. In any case, kg > m, so that

(1= (6m(6/2)/dm(6)))dm(8) — 1 > Bodk,e (6) — m,
and since 1 was arbitrary and By and ko do not depend on 7, we have ve(y) —
vo(z) > Bodky(6). O

LEMMA 2.6. If ® = {¢,} ts a ®*-sequence, then ® is equicontinuous over any
interval [0, B], B < o.

PROOF. By an elementary property of convex functions we have, for y > = and
each n,

(Dn(y) = ¢n(2))/(y — 2) < dnly + 1) — duly)
<Puly+1) <di(y+1),
which implies the desired result. O

THEOREM 2.7. Let f be of ®-bounded variation. Then ve s right (left) con-
tinuous at a point z € [a,b] if and only of f us right (left) continuous at z.

PROOF. We consider only the case of right continuity. Since ¢i,(z) > 0 for
z > 0 (kg as in Lemma 2.5), that the right continuity of ve implies righ*, continuity
of f is a direct consequence of Lemma 2.5. To establish the opposite implication,
suppose that ve is not right continuous at a point € [a,b) but .hat f is right
continuous at z. Then there is a § > 0 so that ve(y) —ve(z) > 6 for ally > z. Let w
be the modulus of equicontinuity of ® on [0,sup f —inf f], and choose y > z so that
w(osc(f, [z,y])) < 6/3. Let I, C [a,y], n=1,2,.... Let {ni} be the increasing set
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of indices such that I,, C [a,z], {mk} be the increasing set of indices such that
Im, C [z,y], and n, that index, if any, such that z is an interior point of I,,. Then
we have

Y dnllFT)) =Y Sni(IF Tn))) + Y b (1f (I )]) + . (1 (L )])
n k k

= Sl + S2 + d’n.(lf(ln.)l)

We may choose {I,} so that ve(y) =, &n(|f(In)]) < 6/3. Then ), on(|f(Ir)]) -
ve(z) > 26/3. Setting I’ = I, N[a, z], we have |¢n, (1f(In.)]) = én. (I/(I')D] < 6/3,
so that

(S1+ ¢n. (S(I)]) = va(z)) + S2 > 6/3.

Now the expression in parentheses is not positive, which implies that So > 6/3.
But Vo (f;z,y) > Sz, and so Vo (f;z,y) > 6/3, which contradicts Theorem 2.4. O

We will use the preceding results to establish the following analogue of the Helly
Selection Theorem:

THEOREM 2.8. If for {fn}52; C ®BV there s ac > 0 and an M < oo such
that |cfn(z)] < M for all m and z € [a,b], and Vo(cf) < M for all n, then there is
a subsequence {fn,} C {fn} and a function f € ®BV so that f,, () — f(z) for all
z € [a,b] and Vg(cf) < M.

PROOF. Set v,(z) = Va(cfn;a,z), n = 1,2,.... Then v, is nondecreasing for
all n and 0 < v,(z) < M for all n and z € [a,b]. Thus v, € BV for all n, and
we may apply the Helly Selection Theorem to {v,} to obtain a subsequence {v,, }
and a function v so that v,, (z) — v(z) for all € [a,b], v is nondecreasing, and
0 < v(z) < M for all z € [a,b]. By a diagonalization process, we may find {f7}, a
subsequence of {fy,} such that {f7(z)} converges at a, b, and all rational points
of [a,b]. Let {17} be the corresponding subsequence of {v,, }.

Since v is nondecreasing, it is continuous for almost all = € [a, b]. Let z¢ € (a,b)
be an irrational point at which v is continuous. There is a rational y > zg,y € (a,b)
such that

0 < v(y) — v(zo) < n = P1¢x, (€)/3,
where k; = k(M,¢) and §; = P(ky1,€). There is an integer J such that, for
J<J, |[¥"(y) —v(y)| < n and |[v?(z0) — v(zo)| < n. Then, for j < J,
0 < v7(y) — v (x0) < 3n = Bidk, (€) < Boko (€),

where ko = k(v7(zo),€) and By = B(ko,€). The last inequality is valid due to the
comments following the definitions of k(M,¢) and B(k,¢), since v?(x9) < M. By
Lemma 2.5, for 7 > J, |f(y) — f?(z0)| < €. Since {f7?(y)} converges, there is an
integer J' such that, for j,k > J', | f7(y) — f*(y)| < €, and so, for j, k > max{J, J'},

|17 (20) — f*(20)| < 3¢,

and thus {f7(zo)} converges. So {f7(z)} converges except possibly on a countable
set (the set of discontinuities of v). By another diagonalization we may find a
subsequence {f(;)} C {f7} so that {f(;(z)} converges for all z € [a,b]. Let {v(;}
be the corresponding subsequence of {v”}, and let f(z) = lim;_,o foy(z).
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Let I,, C [a,b], n=1,...,N. For any € > 0, there is an integer J such that, for
¢ > J, v(b) > v;)(b) — € and

N

N
Z Gnlclfii)(In Z (clf(In

Then, for : > J,

N

M > v(b) > vy (b) — € > Z (el fia(
v
Z (el f (D)) = 2e,

which implies that Ve(cf) < M. O

3. Fourier series. The Dirichlet-Jordan theorem states that if f is a function
of bounded variation on [a, b] the Fourier series of f converges for all z € [a,b] and
that this convergence is uniform over any closed interval of points of continuity of
f. The desire to extend this theorem to larger classes of functions has provided
much of the impetus for the study of generalizations of bounded variation. By
taking ¢n,(z) = z/n, we obtain the class of functions of harmonic bounded varia-
tion (HBV). Waterman [4, 5] showed that the conclusion of the Dirichlet-Jordan
theorem holds for f € HBV, and that this is best possible in the sense that if ABV
is strictly larger than HBV there is a continuous function in ABV whose Fourier
series diverges at a point. We extend this result as follows:

THEOREM 3.1. Let [a,b] = [0,27]. If HBV s properly contained in @BV, there
15 a continuous function in ®BVy whose Fourier series diverges at x = 0.

PROOF. If HBV is properly contained in ®BV, there exists a sequence {a,}
with an > any1 — 0, X, dn(an) < 0o and ), an/n = oco. Let 81 = B2 = aq,
B3 = B4 = ay, etc. Then, since B; < a;, ¢ = 1,2,..., we have Y ¢n(Bn) < o
while ° Bn/n > 3" asn/2n = co. Choose € > 0 so that ) én(ef) < 1, and
let a,, = €83,. Then

(1) an > an4+1 — 0,

(2) agn_1 = azn, n=1,2,..., and
3) Yo dnlan) <land Y, an,/n=oc0
Let

fulz) = a;, (2i-2)r<(n+ %)x< (2t —1Dm, 2=1,...,n+1,
0, otherwise.

Then sup Y, ¢ (| fn(Ik)|) is achieved by choosing {Ix} so that |fn(Ik) =ak, k=
1,...,n + 1. When {I;} is chosen in this manner, Vo(frn) = Y ox(|fn(Ix)]) =
Sk dk(ak) < 1, so that f, € ®BVg and || fx|| = inf{k: Vo(fa/k) <1} <1
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Let S, (f) be the nth partial sum of the Fourier series of f at £ = 0, and let
D, (t) = (sin(n + 1)t)/2sin 3t be the Dirichlet kernel. Then

2m
TSn(fn) = A f(t)Dn(t) dt
27

> [ falt)(sin(n + $)t/t) e
0

n+l o (2i-1)n/(n+1/2)

=, / (fn(t)sin(n + 1)t/t)dt
i—1 Y (2i=2)7/(n+1/2)
n+1

> Z ai((n+3)/(20 = )m)(2/(n + 3))

n+1

> — Za,/z—»oo as n — oo.
=1
Without changing their variations or norms, the functions f,, n = 1,2,..., may

be altered on a set of suitably small measure so that they are continuous and the
partial sums of their Fourier series differ from those of the functions f,, by a small
amount. Recalling that ®BVy N C is a Banach space, the proof is complete by the
uniform boundedness principle. O

CHAPTER I1

1. In this chapter we obtain analogues of theorems of Young (6] and Lesniewicz
and Orlicz [1] concerning Riemann-Stieltjes integration. We follow the technique
of Leéniewicz and Orlicz, and each of these results is an extension of their work,
though the proofs of some of the lemmas have been shortened and clarified. In this
chapter the nature of each sequence ® will be specified.

LEMMA 1.1. If® = {¢,} and ¥ = {3} are ®*-sequences,
> bp t(1/k) (1K) < oo,
k

and A,B >0, then 3, ¢, '(A/k)¢z (B/k) < oo.
PROOF. Let m be a positive integer such that A < m and B < m. Then, for
mm < k < (74 1)m, we have A/k < 1/i and B/k < 1/, so that

m—1

Zm (A/k)bg (B/k) < Z«bk (A/k)bg (B/k)

+m§:¢ (1/5)$;1(1/5) < 0. O

LEMMA 1.2, If Y, ¢ '(1/k)dg H(1/k) < oo, there exists a convez function
F:[0,00) — [0,00) with F(0) =0, F(x) >0 for z >0, and F(z) = o(z) asz — 0
such that Zk(FqSk)“l(l/k)(szk)‘l(l/k) < oo.

PROOF. By Lemma 1.1, 3", ¢; '(3n/k)y; ' (3n/k) < oo for n = 1,2,.... Thus
we may choose {k,}, a sequence of positive integers, so that kn+1 > (1 + 1/n)k,
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and -
> 6i'(Bn/k)g (3n/k) < 1/n? forn=1,2,..
k=kn,
Set . .
%, <t< &,
p(t) =9 ¢ e T
L+t &<t

Then p(t) is a positive, increasing function of ¢t and p(t) — 0 as t — 0. Let
= [y p(t)dt for £ > 0. Then F is convex, F(0) = 0, and F(z) = o(z) as
T — 0 We w1ll see that F' has the desired property. If nk, < k < nk,41, we have

2n/k
F(3n/k) > / POz (nfRp(/k) 2 Uk

Also, if nkpyy <k < (n+ 1)kn41, we have

(2n+1)/k
F(3n/k) > /( p(t)dt > (n/k)p((n + 1)/k) = 1/k,

n+1)/k
so that F(3n/k) > 1/k for nk, < k < (n+ 1)kn+1, and so F~1(1/k) < 3n/k for k
in this interval. Thus
> (Fow) T (1/k)(Fepi) ™ (1/k)
3
ky—1

—Z¢k1F (1/k)we " F~(1/k)

00 (n+1)kn+1 1
+D Y G FTN k) P (1/kR)
n=1 k=nk,
00 (n+l)kn+1—1

<SC+Y. > 4 (3n/k)yg (3n/k)

n=1 k=nk,

<C+Y. ) ¢ (Bn/k)w (3n/k)

n=1k=k,

oo
§C+Zl/n2<oo. O
n=1
Now suppose F' is a convex function with F(z) = o(z) as z — 0 (we will actually use
only the particular F constructed in Lemma 1.2). If & = {¢,}, let F® = {F¢,}.
Note that F® may not be a ®-sequence, since we need not have ) F¢,(z) = oo
for all z > 0. Nevertheless, we may define Vrg(f) and F®BV in the usual way,
observing that some of our results may not be valid for this “variation” and this
class. Since F(z) = o(z), we have F¢p(z) = o(¢n(z)). This implies that @BV C
F®BV, more precisely, Vre(f) < oo if Vo(f) < oo. For a ®-sequence, P, let
Xn(®, 1) = F(¢n(z))/dn(z) for z > 0, and x,(®,0) = 0. Taking into account the
properties of ®-sequences and the function F', we observe that:
(i) xn(®,z) is nondecreasing;
(i1) Xn+1(®,2) > Xn(®, z) for all n; and
(iii) xn(®,z) > 0asz — 0.
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LEMMA 1.3. Let B(f) =supf —inf f. Then
(i) 1(B(f)) < Va(/),
(ii) Vra(f) < x1(®, B(f))Va(f).

PROOF. Part (i) is clear.
(i)
Vro(f) = sup EF¢n(|f(In)|)

=sup ) Xn(®, |f(In))én(lf (In)])

<x1(®,B(f))Va(f). O

(Part (ii) of this lemma quantifies the remark made above concerning Vre(f) and
Va(f).)

We now introduce some notation which will simplify our computations. Let
® = {¢r} be a ®*-sequence, a = {ax} a sequence of real numbers, and § = {6} a
sequence of integers with 0 < §p < 6; < ---

Define

(1) pn(®,0) = Y, Ok(lakl);
(2) 6(a) = {6(a)n} by 6(a)n = Y pms. 4, ak; and
(3) pr(®,a) = supg pn(®,6(a)).

LEMMA 1.4. For any sequence a = {ax} and ®*-sequence ® = {¢r},

n 1/n
[ a
k=1

1
< ¢! (;Pn(q’,a)> for all n.
PROOF. By the arithmetic-geometric mean inequality and Jensen’s inequality,

1/n n
n ( ak ) < ¢n (% Z|akl> E¢k lax|) = —.Dn(q’ a). O
k=1

= k=1
LEMMA 1.5. Given sequences a = {ax} and b = {bc}, and ®*-sequences ® =
{pn} and ¥ = {4, }, for every n there is a ko, 1 < kg < n, such that

orabiel < 07 (10(®,0)) " (20(9.0))

PROOF. Let kg be such that |ak,bk,| = min{|axbk|: 1 < k < n}. Then
n 1/n n 1/n n 1/n
k 1 = :
<¢, ( pn(®, a)) ( pn(¥,b) >

Iakobkol <

by Lemma 1.4. O
We now state the first of our major preliminary results.
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THEOREM 1.6. Let ® = {¢r} and ¥ = {¢i} be ®*-sequences and a = {ax}
and b = {bc} sequences of real numbers. Then

n

E Zalbk

<¢1 (p1(® a))¢1 (p1(¥,0))

+Z¢k (gri@.a)) v (Jorcwn))

(where the sum is taken to be O when n=1).

PROOF. We proceed by induction:
For n = 1, we have

layb1| = o7 (d1(lar]))wy (w1 (]b1]))
< 67 (p1(®,a))¥1 (03 (¥, b)).

For n > 1, define a sequence o’ = {a}.} by aj, = ax4+1. Then by Lemma 1.5, there
is a kg with 1 < kg < n — 1 so that

_ 1 _ 1
|akobrol = lako+1bko| < &1, <mpn—1(¢,a')> o1 <mpn—1(‘1’»b)) :
Now ppn—1(®,a") < pi_1(®,a’) < p}_,(®,a) and pp—1(¥,b) < pr_,(¥,b), so that
- 1, - .
|ako+1bk0| < ¢n11 (mpn—l(q))a)) n—ll <;_—lpn—1(\1’yb)> :

Define sequences ¢ = {cx} and d = {dx} as follows:

ak, k < ko, bk, k < ko,
Ck = { Gky + Qko+1, k = ko, and bko + bk0+1, k = ko,
Qkt1, k > ko, br+1, k > ko,

and note that p%(®,c) < p&(®,a) and p)(¥,d) < pi(¥,b). A straightforward
calculation shows that

n—1 k
Z Zczdk = Qko+1bi, + Z Zazbka
k=11i=1 k=11i=1
so we have
n k n—1 k
DO abk| <D 0D cdi| + lak+1bko|
k=11=1 k=1 1=

1:=1
<¢7 ' (p1(®,0))¥1  (p1(¥,d))
(SPETe (L.
+I;¢k <Epk(¢vc)> wk <Epk(\pvd)>

1 1.
oty (g @a) vty (e n)

<¢f1(p’{((1> a))1/’1 (p1(¥,b))

+ Zdnc <kp’° (® a)> Pt <%p2(\ll,b)>. o
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We now examine Riemann-Stieltjes sums. Let P = {zx}}_, be a partition of
[a,b], and E = {&|1 < k < n; zxk—1 < & < zx} a collection of intermediate points.
We write

S$(f,0:P,E) = 3 1) (g(z) — glwi-1)).
k=1

THEOREM 1.7. Let ® = {¢} and ¥ = {9} be ®*-sequences, and P and E be
as above with n the number of intervals in P. If f(a) = 0, the following estimate

holds:
1S/, g: ,-|<2Z¢k (o) v (3700

PROOF. Take &y = a; then

n

S ~ gla- m\

k=1

IS(f,9; P, E)|

n

k
ZZ f(&-1))(g(zk) — g(zk-1))|-

=11

Now take o; = f(&) — f(&i—1), 1 =1,...,n, a; =0 for 1 > n and Sk = g(zx) —
9(zk-1), k=1,...,n, B =0for k >n, and let o = {a;} and B = {B;}. Then the
above

n k
= Zzaiﬂk

< 67 (5}(@, )T (5} (¥. ) )+Z¢k1( @) ) vt (ow0)

< 67 (VoD (Vala) +§:¢k‘(§ o)) i (170(0))

<2 Z i’ (p@(f)) Vie' (;vw(g)) - o
k=1
We now prove the main result of this chapter.
THEOREM 1.8. Let ® = {¢,} and ¥ = {¢,} be ®-sequences such that

Z¢ (1/n)e5(1/n) < oo.

If f e ®BVoNC and g € VBV, then fa f dg exists.

PROOF. We may assume that Vi (f) < 0o and Vg (g) < co. Let P; = {zi}ol,
and P, = {z2}}2, be partitions of [a,b] with sets of intermediate points E; = {ﬁk}
and B, = {£2} respectlvely, and let P = {zx}}_, be the “common refinement” of
Py and P,. Define step functions f; and f2 by

0, T = a,

fi(z)zf(x;Pi,Ei):{f({z), Tl 1<$<:l:, fori=1,2.
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Then, for 7 = 1,2, we have

(g PaZi) = 3 A€ (glah) — al(zi_y))

k=1

_y fizi)(9(h) — 9(zh_1))
k=1

=Y filze)(g(z) — glzk-1))
k=1

so that

S(f.g:Pr.E1) = S(f,9: P2,B2) =23 5 (f1(zk) — fal(zx))(g(zk) = 9(zk-1)),
k=1

l\D|n—A

the factors of 2 and % being for later convenience. The above sum

=25 (L(fi - f2),; P, P).

Applying Theorem 1.7 to the functions %( f1 — f2) and g and the ®*-sequences
F® ={F®,} and F¥ = {FV,}, the function F having been chosen in Lemma 1.2,
we have

1S(f,9: Pr.Ey) = S(f.9; P2, E2)|

S4§(F¢k)_l< <I>(% - )) (Fei)™ <%VF\P(9)>‘

By Lemma 1.3,

Vre (5(f1 = f2)) < x1 (@, B (5(f1 - f2))) Vo (5(f1 — f2))
< 3x1 (2B (5(/1 = f2)) (Va(f1) + Va(f2))
< x1 (@, B(5(f1 = f2))) Va(f)
<x1(®,B(5(f1 = f)) + B(5(f2 = 1)) Va(f),

and note again that Vey(g) < 00, since g € YBV. Since f is uniformly continuous,
for € > 0 given, we may choose 6 > 0 so that B(1(f1 — f)) + B(3(f2 — f)) < € for
w(Py), u(P2) < 6. Then

IS(f.g: P1.E1) = S(f,9: P2, E2)|
< Z Po0t (pa@awa(n) (o) ({Vea).

which converges for € > 0 by Lemmas 1.1 and 1.2. Since x;(®,e) - 0ase — 0,
we may make this sum as small as we wish by choosing ¢ sufficiently small. O

COROLLARY 1.9. Let A = {\¢} and T = {~} be A-sequences such that
>k Mk /k? < oo. For f € ABVoN C and g € I'BVy, the following estimate

holds: ,
/ Fdg <20 fl gl S A /?,
a k

where || flla = 1f(a)| +Va(f). O
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